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1. INTRODUCTION
In [10], Mazur and Tate determined general methods for constructing
canonical height pairings
A(K)×AŒ(K)Q Y, (1)
where A is an abelian variety over a global field K, AŒ is its dual, and Y is
an abelian group. Their methods built on the work of Bloch [2] and
Schneider [19] and involved canonical splittings of the Poincaré biextension
of A.
Our goal in this paper is to analyze the Mazur–Tate construction of
certain height pairings defined for abelian varieties over global fields, and
in particular over global function fields. We begin in Sections 3 and 4 by
outlining the definition of the Mazur–Tate pairing in (1) and its decompo-
sition into local terms.
In Section 5 we investigate the nature in which certain of these local
heights can be obtained from nonarchimedean theta functions. Here the
theta functions we use were defined by Norman [16, 17]; in general such
theta functions have been studied extensively in other contexts (see Barsotti
[1], Breen [3], Candilera and Cristante [4], Cristante [5, 6], and Turner
[20]). We pay special attention to the field of definition and do not restrict
to an algebraically closed ground field.
Of note we show that if A is an elliptic curve, then Norman’s theta func-
tion coincides with the Mazur–Tate sigma function of [11].
In Section 6 we specialize to the case that K/Fq(t) is a global function
field in positive characteristic p \ 3. If v is a finite place of k=Fq(t) and
A/K has good ordinary reduction at each place of K extending v, then
there is a natural Mazur–Tate pairing
O , Pv: A(K)×AŒ(K)Q C×v ,
where Cv is the completion of the algebraic closure of kv.
We show that this pairing is annihilated by the universal norms in A(K)
coming from the Carlitz cyclotomic extension which is totally ramified at v
and unramified away from v. This can be seen as an analogy with global
p-adic heights; for abelian varieties over number fields Schneider shows
that p-adic heights are trivial on universal norms coming from certain
Zp-extensions (see [10, Sect. 4]).
Using the results of Section 5, we find that for elliptic curves this
Mazur–Tate height coincides with the heights defined in [18]. We show
that when A is an elliptic curve these universal norm groups are trivial in
certain cases.
2. PRELIMINARIES
We will use the following conventions. We let K denote a global field, in
other words a number field or function field in one variable over a finite
field, and let R be its ring of integers. For a place w of K, we let Kw and Rw
be the completions at w and Fw the residue field. For simplicity we will
assume that Fw has characteristic p \ 3, although we make no assumptions
on the characteristic of Kw until Section 6, where Kw will have equal char-
acteristic. We let F denote a general field.
Let A be an abelian variety of dimension d defined over a field F and
take AŒ for the dual abelian variety of A. For any integer n, [n]: AQ A is
the multiplication by n map and A[n] is its kernel.
We let Div(A) denote the group of divisors on A which are defined over
F sep and take DivF(A) for the subgroup of Gal(F sep/F)-invariant divisors.
For two divisors C and D on A, we write C ’ D if they are linearly equiva-
lent and C % D if algebraically equivalent. Let Pic0(A) be the group of
divisors algebraically equivalent to 0 modulo linear equivalence.
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The zero cycles of A comprise the group ring Z[A(F¯)]. For a ¥ A(F¯) we
write (a) for its image in Z[A(F¯)]. The augmentation ideal I[A], or rather
the zero cycles of degree zero, is the kernel of the degree map
Z[A(F¯)]Q Z. The kernel of the natural summation map, I[A]Q A(F¯), is
the square ideal I[A]2.
For f a rational function in F¯(A) and a=; ma(a) in I[A] with disjoint
supports, we take
f(a) :=D
a
f(a)ma ¥ F¯×,
the value of which depends only on div(f) and a.
For a divisor D and a point a ¥ A(F¯), the translation of D by a, the
divisor denoted Da, is the image of D under the translation map
ya: bW b+a. Thus Da=yg−aD. Likewise, we define the translation aa for
any a ¥ Z[A(F¯)]. For any divisor D ¥Div(A), we let fD: AQ AŒ be the
polarization map which sends a ¥ A(F¯) to the class of D−ygaD=D−D−a
in Pic0(A).
Now suppose that F=Kw is a local field. Let A be the Néron model of
A over Rw with special fiber A0, and let A0 be its connected component of
the identity. We take Aˆ to be the formal group of A over Rw, i.e., the
formal completion ofA along its zero section. For the valuation ring R¯w in
some fixed algebraic closure K¯w, the zero cycles Z[Aˆ(R¯w)] of Aˆ and its
augmentation ideal I[Aˆ] are defined as above.
3. BIEXTENSIONS AND r-SPLITTINGS
If F is any field and A is defined over F as in the previous section, let E
be the Poincaré biextension EQ A×AŒ of (A, AŒ) by Gm, which provides
the duality between A and AŒ. We note that E(F) is in fact a set-theoretic
biextension of (A(F), AŒ(F)) by F×. If F=Kw is a local field, then we
further define E to be the canonical biextension of (A0,AŒ) by Gm/Rw,
i.e., the unique such biextension which has E as its generic fiber. Further-
more, we let Eˆ be the formal biextension associated to E, which is the
formal completion of E along the inverse image of the zero section of
A0× Rw AŒ. Then Eˆ is a biextension of (Aˆ, AˆŒ) by Gˆm and furthermore
Eˆ(Rw) is a set-theoretic biextension of (Aˆ(Rw), AˆŒ(Rw)) by R×w . For more
details about scheme-theoretic and formal biextensions, see [8, Exp. VII]
and [14].
Following Mazur and Tate in [10, Sect. 2], when working over a general
field F, points in E(F) are determined by triples [a, D, c] where (1)
a ¥ I[A(F)]; (2) D ¥Div(A) satisfies D % 0, has disjoint support from a,
and maps to Pic0F(A); and (3) c ¥ F×. The point [a, D, c] ¥ E(F) so
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determined lies above the point (a, aŒ) ¥ A(F)×AŒ(F) where a is the sum
of a and aŒ is the point defined by the divisor class of D.
Definition 3.1. Let Y be an abelian group and suppose r: F× Q Y is a
homomorphism. A r-splitting is a map
k: E(F)Q Y,
which satisfies for all [a, D, c] ¥ E(F),
(a) k([a, D, c])=r(c) ·k([a, D, 1]) for all c ¥ F×;
(b) k([a, D, 1]) is bimultiplicative in a and D;
(c) k([a, D, 1])=r(f(a)) if D=div(f);
(d) k([aa, Da, 1])=k([a, D, 1]) for a ¥ A(F).
Remark 3.2. We write Y with a multiplicative group law instead of an
additive one. The theta functions in Section 5 have natural multiplicative
relations, and in Section 6 we will be considering canonical heights which
have values in the multiplicative groups of certain fields. In most situations
the value group of a canonical height is an additive group, e.g., R in the
case of the Néron–Tate height and Qp in the case of p-adic heights.
When A is defined over a local field Kw, Mazur and Tate provide many
general situations where we can choose canonical r-splittings. We discuss
some particular cases, important for our purposes, and so suppose that Kw
is a nonarchimedean local field and that Y is uniquely divisible. For the
cases where Kw is archimedean or Y is not uniquely divisible, see [10].
Example 3.3. If r is unramified (r(R×w )=1), then k :=kMT is the
unique r-splitting such that k(E(Rw))=1. E.g., if r=−log | · |Kw , then
k([a, D, 1])=(D, a)Kw ,
where (D, a)Kw is the Néron symbol (see [15, Sect. II.9]). In this case k
takes on values in Q with denominators bounded by the exponent of
A0(Fw)/A
0
0(Fw). In general, we have
k([a, D, 1])=r(p) (D, a)Kw .
Example 3.4. If A has semistable ordinary reduction, then Eˆ is trivial
(see [10, Sects. 1.9, 5.11.5] or [14, Sect. 5]) and has a unique splitting
k0: EˆQ Gˆm. Then k :=kMT is the unique r-splitting such that k|Eˆ(Rw)=
r p k0. We will investigate this case in more detail in Section 5.
If we should consider (3.3) and (3.4) simultaneously, the resulting
r-splitting is the same.
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The canonical r-splitting kMT satisfies many functorial properties with
respect to base extensions, isogenies, norms, etc.; see [10, Sect. 1.10]. In
particular, if Lw/Kw is a finite separable extension and rLw : L
×
w Q Y is
defined by
rLw (a) :=r(N
Lw
Kw (a))
1/[Lw : Kw], (2)
then for all x ¥ E(Kw),
kMT, Kw (x)=kMT, Lw (x), (3)
where kMT, Kw and kMT, Lw are the Mazur–Tate canonical splittings for r and
rLw , respectively.
4. CANONICAL HEIGHTS VIA BIEXTENSIONS
We now review the canonical height constructions of Mazur and Tate
(see [10, Sects. 3–4]). Suppose that K is a global field, and let A×K denote
its idele group. Assume that Y is a uniquely divisible abelian group, and
suppose we are given a homomorphism
r=(rw): A
×
K Q Y,
such that (1) rw=1 if w is archimedean; (2) rw(R
×
w )=1 for all but finitely
many w; and (3) for all c ¥K× we have < rw(c)=1. Mazur’s and Tate’s
constructions are a bit more general than is necessary for the specific
heights we will examine; therefore, for simplicity we will at times take on
some additional hypotheses. For full details see [10].
Let A be an abelian variety defined over K such that A has semistable
ordinary reduction at all places w for which rw(R
×
w ) ] 1. By the discussion
in Section 3 there is a canonical rw-splitting kw: E(Kw)Q Y for each finite
place w. In this case r is said to be admissible. The following proposition
defines a global canonical height and also provides its local decomposition.
Proposition 4.1 (Mazur–Tate [10, Lemma 3.1]). Suppose A/K is an
abelian variety and r: A×K Q Y is admissible. Then there is a unique pairing
O , Pr: A(K)×AŒ(K)Q Y
defined so that if x ¥ E(K) lies above (a, aŒ) ¥ A(K)×AŒ(K), then
Oa, aŒPr= D
w discrete
kw(xw),
where xw ¥ E(Kw) is obtained from x via the inclusion K …Kw.
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Because of the corresponding properties for local splittings, this canoni-
cal height also satisfies many functorial properties with respect to base-
change, isogeny, norms, etc. (see [10, Sect. 3.4]). Suppose that A is defined
over K and that rK: A
×
K Q Y is admissible. If L/K is a finite separable
extension, then the map rL: A
×
L Q Y defined by
rL((aw)w)=rK(N
L
K(aw)w)
1/[L : K], a ¥ A×L , (4)
is also admissible. Here NLK: A
×
L Q A×K is the norm map on ideles compa-
tible with the norm map NLK: L
× QK×. Since rL |A ×K=rK, we can thus
define an absolute height
O , PrK : A(K
sep)×AŒ(K sep)Q Y. (5)
From this definition we see that O , PrK is also Gal(K
sep/K)-equivariant.
Furthermore, if f: AQ B is an isogeny and fŒ: BŒQ AŒ is its dual, then
Of(a), bŒPrK=Oa, fŒ(bŒ)PrK , (6)
where the left-hand side is the Mazur–Tate pairing on B×BŒ and the right-
hand side is the pairing on A×AŒ.
Example 4.2 (Global p-adic heights). Suppose A is defined over a
number field K and has good ordinary reduction at every place of K above
p. Every Zp-extension L/K which is unramified away from places v | p
induces a continuous homomorphism via Artin reciprocity,
rL/K: A
×
K QQp.
Because of the ordinary reduction assumption on A, it follows that rL/K is
admissible, and Mazur and Tate show [10, Sect. 4.4] that the resulting
canonical pairing is the same as Schneider’s p-adic height pairing in [19].
Example 4.3 (Global function fields: v-adic and .-adic heights). Let
k=Fq(t) and R=Fq[t]. We fix a place v of k and a uniformizer pv in Fvk,
which if v is finite, generates a prime ideal in FvR. If v=., we take
p.=1/t. Let Cv be the completion of the algebraic closure of kv. We note
that the groups U1(Cv) (the 1-units of Cv) and p
Q
v ·U
1(Cv) are uniquely
divisible. Each x ¥ C×v can be written uniquely as x=zp rvu, with z ¥ F¯v,
r ¥Q, and u ¥ U1(Cv). We let OxP=OxPv=p rvu ¥ pQv ·U1(Cv) be the positive
part of x with respect to pv. We take
Y=˛ tQ ·U1(C.) if v=.,
U1(Cv) otherwise,
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and define r (v)k : A
×
k Q Y by a product over the places v¯ of k,
r (v)k ((av¯)v¯) :=
1
OavP
D
v¯ ].
pordv¯(av¯)v¯ ,
where pv¯ is the positive part in FvR of a generator of the ideal correspond-
ing to v¯.
If A is defined over a global function field K/k, and A has semistable
ordinary reduction at each place of K above v, then r (v)K : A
×
K Q Y as defined
in (4) is admissible. Thus Proposition 4.1 defines a canonical height pairing
O , Pv: A(K sep)×AŒ(K sep)Q C×v ,
which we refer to as the v-adic height or .-adic height depending on
whether v is finite or infinite. For w | v¯ and v¯ ] v finite, we note that the
r (v)Kw -splitting kw is given by
kw([a, D, 1])=p
fw(D, a)w/[K : k]
v¯ , (7)
where fw=[Fw : Fq] and (D, a)w is the Néron symbol at w.
5. THETA FUNCTIONS AND LOCAL HEIGHTS
In this section we investigate the connection between the local heights
defined in Section 4 via canonical r-splittings and suitably defined
nonarchimedean theta functions. Under certain conditions, we can expli-
citly construct these theta functions as limits of certain power series on the
formal group of the abelian variety. These are essentially the same
nonarchimedean theta functions studied in other contexts by Barsotti [1],
Breen [3], Candilera and Cristante [4–6] and Norman [16, 17]. We pay
special attention to the field of definition. Moreover, we follow the con-
struction of Norman [16] and also of the Mazur–Tate sigma function
[11]. We show in Proposition 5.5 that in the elliptic curve case these theta
functions are in fact the Mazur–Tate sigma function.
Throughout this section we let A be an abelian variety defined over a
local field Kw which has semistable ordinary reduction. We assume that the
residue characteristic is p \ 3. For a homomorphism
r: K×w Q Y,
our goal is to describe explicitly the canonical r-splitting kMT: E(Kw)Q Y,
as defined in (3.4).
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Assumption 5.1. We will assume that the abelian variety A has a totally
symmetric ample Kw-rational divisor X such that (a) X is effective, and (b)
the polarization fX: AQ AŒ defined by aW (class of X−ygaX) has degree
prime to the residue characteristic of Kw. Here totally symmetric is defined
in the sense of Mumford [13], where in particular [−1]* X=X and for
any divisor D, [−1]* D+D is totally symmetric. Note also by (b) that fX
induces an isomorphism between Aˆ and AˆŒ.
Remark 5.2. The conditions on A in (5.1) are automatically satisfied by
the Jacobian of a curve defined over Kw with a Kw-rational point. We take
X=G+[−1]* G where G is the theta divisor (see [12, Sect. 6]). Because
[−1]* G is a Kw-translate of G, the degree of fX is 22d and prime to p,
since p \ 3.
We begin with some standard observations and definitions. For any n,
let Aˆ[n] denote the kernel of [n]: AˆQ Aˆ. There is a chain of isogenies bk, n
of abelian varieties defined over Kw,
A=A0 Q A1 Q A2 Q · · · Q An Q · · · ,
so that for 0 [ k [ n the kernel of bk, n: Ak Q An is Aˆk[pn−k]. Because Aˆ[pn]
is a finite flat subgroup scheme over Rw of A, each An is an abelian variety
defined over Kw. We then construct isogenies an, k: An Q Ak such that
an, k p bk, n=[pn−k]Ak and bk, n p an, k=[pn−k]An . We take bn=b0, n and
an=an, 0. Furthermore, since A has ordinary reduction, the induced maps
an, k: Aˆn ( Aˆk (8)
are isomorphisms of formal groups.
Let X ¥DivKw (A) be a totally symmetric ample divisor. For any n \ 0 let
Xn :=a
g
nX. The polarization maps fX: AQ AŒ and fXn : An Q A −n fit into the
commutative diagram
AnŁfXn A −n
bn…‡an b −n‡…a −n
AŁ
fX
AŒ
(9)
where a −n and b
−
n are the dual maps.
For a, m> 0 we let Ra :=Rw/(p)a and Ra, m :=Ra[z1, ..., zd]/(z1, ..., zd)m.
Let RwQzR be the power series ring RwQz1, ..., zdR and L be its quotient field.
If we abbreviate A×Ra, m=A× Rw Ra, m for the base extension to Ra, m of
A, then for a divisor D ¥Div(A×Kw L), we say that
D ’ 0 (mod pa, deg m), (10)
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if the pullback of D under A×Ra, m QA×RwQzR is linearly equivalent to
0. If D satisfies the condition in (10), then there is a rational function
f ¥ L(A) such that the pullback of div(f) to A×Ra, m is D, for which we
write
div(f) — D (mod pa, deg m).
For a and b two RwQzR-valued points ofA×RwQzR, we will say
a — b (mod pa, deg m),
if their specializations toA×Ra, m are the same.
If e is an Ra, m-valued point of A×Ra, m whose specialization to A×Fw
is the identity, then via the isomorphism in (8), we define en :=a
−1
n (e)
in An×Ra, m. For n sufficiently large (say n \ a+logp(m)), we have
[pn](e)=O, and hence e is in the kernel of bn on A×Ra, m. Therefore,
by considering the various maps in (9), it follows that a −nfX(e)=O in
A −n×Ra, m. Thus by composition,
fXn (en) — 0 (mod p
a, deg m). (11)
From this it follows that
Xn−y
g
en
Xn ’ 0 (mod pa, deg m), (12)
for n sufficiently large.
Now choosing formal uniformizing parameters z1, ..., zd on A at O
selects a coherent sequence of points
ca, m: Spec Ra, m QA×Ra, m,
such that the image of the closed point of Spec Ra, m is the identity on the
special fiber of A×Ra, m. The completion of OA, O with respect to mA, O=
(z1, ..., zd, p) is RwQzR. Thus, Aˆ is the formal spectrum of RwQzR, and we can
take L for the field of rational functions on Aˆ. Since the quotient field of
OA, O is Kw(A), Kw(A) is naturally a subfield of L. In this way, we produce
a tower of function fields
Kw(A)=Kw(A0) …Kw(A1) … · · · … L,
where for f ¥Kw(An), we take fW fˆ=f p a−1n (as power series in z).
Following Norman [16, Sections I.3–4], we construct GX(z) ¥ RwQzR. Let
c: Spec RwQzRQA×RwQzR be the limit of ca, m, let cn :=a−1n (c) by (8), and
likewise ca, m, n :=a
−1
n (ca, m). Let e :=[2]
−1 (c) and en :=[2]−1 (cn), where
multiplication by 2 is invertible on the formal group Aˆ since p \ 3. By (12),
if n is sufficiently large, there is a rational function Fa, m, n ¥ L(An) such that
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div(Fa, m, n) —Xn−ygenXn (mod p
a, deg m). This function Fa, m, n is fixed so
that as a function on An,
yg−enFa, m, n · [−1]* Fa, m, n — 1 (mod p
a, deg m). (13)
For k [ n both sufficiently large, one can take Fa, m, n=agn, kFa, m, k, which
induces on Aˆ(RwQzR) an equality Fˆa, m, n=Fˆa, m, k. In this case, it makes sense
to take Fˆa, m :=Fˆa, m, n.
Definition 5.3. Since X is totally symmetric and defined over Kw, as a
Cartier divisor X={(Ui, fi)} such that X|Ui=div(fi)|Ui , [−1]* Ui=Ui,
and [−1]* fi=fi, where Ui and fi are defined over Kw. Let
GX, a, m(z) :=Fˆa, m(d+e)−1 Fˆa, m(d)−1 fi(d)|d=O ¥ Ra, m. (14)
If aŒ \ a and mŒ \ m, one sees that FaŒ, mŒ, n — Fa, m, n (mod pa, deg m) for n
sufficiently large, and so the limit
GX(z) := lim
a, mQ.
GX, a, m(z)
exists and can be specified to lie in Kw ·RwQzR.
If a ¥ Aˆ(R¯w), then we define GXa (z) :=GX(z−a). Suppose D % 0 is a
Kw-rational divisor on A, and D ’; a maXa, where a runs over points in
Aˆ(R¯w). We define
GD(z) :=f(z)D
a
GXa (z)
ma ¥ L, (15)
where div(f)=D−; maXa.
In all the cases above, GX(z) and GD(z) are defined only up to a constant
from K×w . Also GD(z) depends on the choices of X and the representation
D ’; maXa. We analyze these dependencies in the next theorem.
If a=; nb(b) ¥ I[Aˆ(R¯w)], then for D % 0 as in the previous paragraph,
we let GD(a) :=< GD(b)nb.
Theorem 5.4. Suppose A has an ample totally symmetric Kw-rational
divisor X satisfying the properties in (5.1). Let a ¥ I[Aˆ(R¯w)] and
D ¥Div(A) have disjoint supports, with D % 0 representing a point in AˆŒ(Rw).
(a) If a is defined over Kw, then GD(a) ¥K×w .
(b) GD(a) is independent of the choices of uniformizing parameters for
Aˆ, the divisor X, and the representation of D ’; maXa.
(c) GD(a) is bimultiplicative in a and D.
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(d) If D ’ 0, then GD(a)=f(a) where D=div(f).
(e) GDa (aa)=GD(a) for any a ¥ Aˆ(R¯w).
Proof. The assumption in (5.1) implies that D ’X−X−a for a ¥ Aˆ(Rw).
Thus GD(z) is defined and GD(z) ¥ L. Because a is disjoint from D, (14)
implies that GD(a) ] 0. These prove (a).
For part (b), first for a given X, GX(z) does not depend on the choice of
uniformizing parameters for Aˆ. Indeed the specialization to a specific point
in Aˆ(Rw) of the function Fa, m, n as defined in (13) is the same, regardless of
the choices of uniformizing parameters.
Now suppose D ’; maXa ’; nbYb are two different representations of
D, for totally symmetric divisors X, Y ¥DivKw (A) satisfying (5.1), and
suppose div(f)=D−; maXa and div(g)=D−; nbYb as in (15). For
a ¥ Aˆ(R¯w) let FˆX, a(d) be defined on Aˆ as in (13) and (14) so that
FˆX, a(d)=Fˆa, a, m, n(d+e−[2]−1 (a))−1 Fˆa, a, m, n(d)−1 fi(d),
with div(Fa, a, m, n) —Xn−ygen −[2] −1 (an)Xn for n sufficiently large. Similarly
define GˆY, b. Then by (14),
D
a, b
GXa, a, m(z)
ma
GYb, a, m(z)
nb
— D
a, b
FˆX, a(d)ma
GˆY, b(d)nb
:
d=O
(mod pa, deg m).
The right-hand side is the evaluation at O of the rational function in L(A)
with divisor ygc (; maXa−; nbYb)=ygc div(g/f). Thus GD(z) is indepen-
dent of the use of X or Y and the representation of D in terms of them.
Moreover, because a ¥ I[Aˆ(R¯w)], GD(a) is independent of the choices of
the constant multiples of rational functions in (13)–(15).
For linearity in a, part (c) follows from the definition of GD(a). The
linearity in D follows from part (a): if we write D=D1+D2, then the value
of GD(a) does not depend on the representation of D, D1, or D2 in terms of
X, and so in particular GD(a)=GD1 (a) GD2 (a). Part (d) follows from (15)
and part (a). Part (e) follows from the definition that GXa (z)=GX(z−a).
L
In the context of Section 3, these theta functions provide canonical
r-splittings. In the case of (3.4), we see that if A has semistable ordinary
reduction, then k0: EˆQ Gˆm defined by
k0([a, D, 1]) :=GD(a),
for [a, D, 1] ¥ Eˆ(R¯w) is the unique splitting of the formal biextension Eˆ in
the following way. By Theorem 5.4 the restriction of k0 to the inverse
image in Eˆ(Rw) of a point in either Aˆ(Rw) or AˆŒ(Rw) is a group homo-
morphism. Thus we need to show that k0 is a formal morphism. Given
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formal parameters z on Aˆ, then for the effective divisor X in (5.1) it follows
that coordinate functions for fX(z)=(class of X−y
g
zX) provide formal
parameters on AˆŒ. If a ¥ Aˆ(R¯w) and a, z+a are disjoint from X−ygzŒX for
zŒ ¥ Aˆ(R¯w), then
k0([(z+a)−(a), X−y
g
zŒX, 1])=
GX(z+a) GX(zŒ+a)
GX(a) GX(z+zŒ+a)
.
By the definition of GX, this can be expressed as a power series in z and zŒ
with coefficients in R¯w and bounded denominators. By additional applica-
tions of Theorem 5.4, every k0([a, D, 1]) can be expressed as a power
series in z and zŒ, and thus k0 gives a formal morphism.
If r: K×w Q Y is a homomorphism, then the canonical r-splitting of
Mazur and Tate is the r-splitting k: E(Kw)Q Y such that k|Eˆ(Rw)=r p k0.
In the case that A is an elliptic curve, these theta functions can also be
directly compared to the Mazur–Tate sigma function, as defined in [11].
Proposition 5.5. Let A be an elliptic curve defined over Kw with
semistable ordinary redaction. Let X=2(O). Then
GX(z)=CsA(z)2,
where sA is a Mazur–Tate sigma function and C ¥K×w is a constant.
Proof. Let X=2(O), and let fn ¥Kw(An) have divisor Xn−2pn(On)=
2agn (O)−2p
n(On), where On is the identity element of An. It follows that
Xn−y
g
bXn=div(fn)−y
g
b div(fn)−2p
n((−b)−(On)),
for any point b ¥ An(Kw).
Let z be a uniformizing parameter at O for Aˆ/Rw such that
z p [−1]=−z, and let f ¥Kw(A) be an even function, regular on Aˆ, which
defines the divisor X in an open neighborhood of O containing Aˆ.
Let zn=a
−1
n (z). Fix a, m > 0. There is a n0 > 0 so that [pn0](z) — O
(mod pa, deg m). For any n \ n0, there is a function gn ¥ L(An) so that
div(gn)=pn0([2]−1 (−zn))−(pn0−1)(On)−([pn0]([2]−1 (−zn))).
Then we can pick Fa, m, n ¥ L(An) to be (with dn=a−1n (d))
Fa, m, n(dn)=
fn(dn)
fn(dn+[2]−1 (zn)) gn(dn)2p
n−n0
,
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and thus div(Fa, m, n) —Xn− ygznXn (mod p
a, deg m). The condition in (13)
implies that we further choose gn so that
gn(dn−zn)2p
n−n0 gn(−dn)2p
n−n0 — 1 (mod pa, deg m).
In the definition of GX, a, m in (14), we see that
GX, a, m(z)=
fˆn(d+z)(gˆn(d+[2]−1 (z)) gˆn(d))2p
n−n0
fˆn(d)
·f(d) :
d=O
=z2p
n
fˆn(z) 1 (gˆn(d+[2]−1 (z)) gˆn(d))2pn−n0 f(d)fˆn(d)(d+z)2pn 2 :d=O ¥ Ra, m.
By considering the divisor restricted to Aˆ of the function in d within the
parentheses above, and after substituting in d=O, we find that
GX, a, m(z) — Cz2p
n
fˆn(z) u(z)p
n−n0 (mod pa, deg m),
where C ¥K×w is a constant independent of z, and u(z) is a 1-unit in RwQzR.
As nQ., then u(z)pn−n0 Q 1, and by comparison with the construction in
[11], we confirm that as a, mQ.,
G2(O)(z)=CsA(z)2,
for some constant C ¥K×w . L
6. UNIVERSAL NORMS
In this section we restrict our attention to abelian varieties defined over
global function fields in positive characteristic. In particular we examine
the v-adic heights studied in Example 4.3.
We pick up with the notation of (4.3). We let k=Fq(t) and R=Fq[t]
and assume p \ 3. Given a polynomial a in R, we let C[a] denote the
a-torsion on the Carlitz module. It is well known that C[a] 5 R/(a) as an
R-module, and the field k(C[a]) is an abelian extension of k with Galois
group naturally isomorphic to R/(a)*. Indeed, if we let l ¥ C[a] be a
generator for C[a] as an R-module, then for b ¥ R,
(b, k(C[a])/k)(l)=Cb(l), (16)
where the left-hand side is the Artin symbol and the right-hand side is l
multiplied by b on the Carlitz module. For more details on the Carlitz
module and Drinfeld modules in general, see Goss [7, Chaps. 4, 7].
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We now fix a finite place v of k. We let kn be the subfield of k(C[pnv])
fixed by the subgroup F×v …Gal(k(C[pnv])/k). The field k. :=1 kn is an
abelian pro-p-extension of k which is totally ramified at v, unramified away
from v, and totally split at . (see [7, Sect. 7.5]). Notably there is an iso-
morphism via (16),
F: Gal(k./k)( U1(kv). (17)
If r (v)k : A
×
k Q U1(kv) is the map defined in (4.3), then it follows from the
definition of the Artin map that
r (v)k =F p rec: A×k Q U1(kv), (18)
where rec is the Artin reciprocity map on A×k .
If K/k is a finite separable extension, then we let Kn :=Kkn. Then
Gal(K./K) can be identified with a subgroup of Gal(k./k). It follows
that
(r (v)K )
[K : k]=F|Gal(K./K) p rec: A×K Q U1(kv), (19)
where r (v)K is defined in (4.3).
Given an abelian variety A defined over K which has good ordinary
reduction at each place of K above v, we let O , Pv denote the v-adic height
pairing. We let A(L)p :=A(L)é Zp for any L/K. We let the universal
norms of A(K) be the subgroup Uv(A(K)) … A(K)p defined by
Uv(A(K)) :=3 NK
n
K (A(K
n)p).
Since U1(kv) is a Zp-module, by linearity we can extend the definition of
the v-adic pairing to
O , Pv: A(K)p×AŒ(K)p Q U1(kv)1/(m[K : k]) … U1(Cv), (20)
where m is a common multiple for the exponents of A0(Fw)/A
0
0(Fw) for all
places w h v and ofA0(Fw) for all w | v.
Theorem 6.1. Suppose A/K has good ordinary reduction at every place
of K extending v. Let e ¥ Uv(A(K)). Then for every b ¥ AŒ(K)p,
Oe, bPv=1.
Proof. Let an ¥ A(Kn)p be chosen so that NK
n
K (an)=e. Then by Galois
equivariance,
Oe, bPv=ON
Kn
K (an), bPv=Oan, bP
[Kn : K]
v . (21)
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The exponent of A0(Fw)/A
0
0(Fw) is unchanged in an extension where w is
unramified and the exponent ofA0(Fw) is unchanged in an extension where
w is ramified and a place of good reduction, in particular in Kn/K. There-
fore, it follows from (20) that there is a fixed integer m, independent of n,
such that
Oan, bPv ¥ U1(kv)1/(m[K
n : k]). (22)
However, we can say more. For each place w of Kn, the image of the local
r (v)Kn-splitting kw is in r
(v)
Kn(K
n
w)
1/m. By Artin reciprocity and the isomorphism
in (16), the subgroup Gal(K./Kn) …Gal(k./kn) …Gal(k./k) maps into
U1n(kv) :={1+anp
n
v+an+1p
n+1
v +·· · } under the map in (17), and so by (19)
r (v)Kn(A
×
Kn) … U1n(kv)1/(m[K
n : k]).
By (21) we see that in fact
Oe, bPv ¥ U1n(kv)1/(m[K : k]),
for every n. Therefore, Oe, bPv=1. L
Remark 6.2. In the situation of Schneider’s global p-adic heights in
[10, 19], we know that the p-adic height pairing is characterized by its
vanishing on the subgroup of universal norms (see [10, Sect. 1.11]). The
same can be said for the v-adic height pairing by considering the Mazur–
Tate argument as follows.
For each place w | v, let Knw=K
n ·Kw, and let A˜(Kw)=4n NnA(Knw),
where Nn is the norm map N
Knw
Kw . Let E(K
n
w, Kw) … E(Kw) be the subset of
E(Kw) consisting of elements projecting to A(K
n
w)×A(Kw), and let
E˜(Kw)=4n NnE(Knw, Kw) … E(Kw), where Nn: E(Knw, Kw)Q E(Kw) is
defined by the norm map on the fibers of EQ AŒ.
For each b ¥ AŒ(Kw), a suitable modification of the main theorem of [9]
or Lemma 3 of [19] shows that, for the fiber E˜b(Kw), the sequence
0QK×w Q E˜b(Kw)Q A˜(Kw)Q 0
is exact, continuing under the assumption that A has good ordinary reduc-
tion at w. We note that A(Kw)/A˜(Kw) is not finite but that it does have
finite exponent. These facts are sufficient to show that E(Kw) induces on
E˜(Kw) the structure of a biextension of (A˜(Kw), AŒ(Kw)) by K×w . By [10,
Sects. 1.5–1.7], there is a unique r (v)K, w-splitting which vanishes on E˜(Kw).
Theorem 6.1 implies that the Mazur–Tate r (v)K, w-splitting kw satisfies this
property, and so the two splittings must coincide.
When A is an elliptic curve, v-adic heights of this type were studied in
[18]. By Proposition 5.5 we observe that the heights defined in that paper
340 MATTHEW A. PAPANIKOLAS
coincide exactly with v-adic heights defined here. Moreover, in [18,
Corollary 8.8] some hypotheses were obtained for the nondegeneracy of
the v-adic height pairing.
In particular, we let Tp(A)=I ker Vn be the p-adic Tate module for A,
where Vn is the dual of the qnth power Frobenius map on A. We then have
the following corollary giving the triviality of the universal norm subgroup
in certain cases.
Corollary 6.3. Let A/K be an elliptic curve with good ordinary reduc-
tion at both v and .. Suppose the natural map Gal(K sep/K)Q Aut(Tp(A))
is surjective and that for all places w | v or w |. of K we have
A0(Fw)[p]={O}. Then Uv(A(K))={O}.
The hypothesis above that A0(Fw)[p] is trivial implies in particular that
A(K)[p]={O}. Thus A(K)p is torsion free. The corollary then follows
directly from Corollary 8.8 in [18] and Theorem 6.1.
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